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Norm groups and class fields of formally real quasilocal fields
I.D. Chipchakov ∗
Abstract. This paper establishes a relationship between finite extensions and norm
groups of formally real quasilocal fields, which yields a generally nonabelian local
class field theory, including analogues to the fundamental correspondence, the local
reciprocity law and the norm limitation theorem.
1. Introduction
Let E be a field, E an algebraic closure of E , Fe (E) the set of finite extensions
of E in E and Nr (E) = {N(R/E): R ∈ Fe(E)} the set of norm groups of E .
The purpose of this paper is to characterize the elements of Nr (E) among the
subgroups of the multiplicative group E∗ of E , under the hypothesis that E is
formally real and quasilocal. We show that the index i(L/E) of N(L/E) in E∗
is at most equal to the degree [L: E] , for each R ∈ Fe(E) ; when i(L/E) = [L: E] ,
L is called a class field of E . Our main results prove, for each R ∈ Fe(E) , the
existence of class fields R˜ of E with N(R˜/E) = N(R/E) ; as it turns out, these R˜
are isomorphic over E to a uniquely determined intermediate field cl (R/E) of R/E .
We also show that the set I(cl(R/E)/E) of extensions of E in cl (R/E) consists
of class fields and the natural map of I(cl(R/E)/E)→ Nr(E) is injective with an
image equal to the set of subgroups of E∗ including N(R/E) . This allows us to
describe Nr (E) and to characterize class fields of E , up-to an E -isomorphism.
The form of the main results is particularly simple when E is strictly quasilocal
(abbr, SQL), i.e. finite extensions of E are strictly PQL-fields. Then Fe (E) consists
of class fields of E , and the union Σ1 ∪ Σ2 is a system of representatives of
the E -isomorphism classes of Fe (E) , where Σ0 = {Φ0 ∈ Fe(E): Φ0 ⊆ Erc , for a
fixed real closure Erc of E in E , and Σ1 = {Φ1 ∈ Fe(E):
√−1 ∈ Φ1} . Also, the
canonical correspondence Σ0 ∪ Σ1 → Nr(E) is bijective and maps compositums into
intersections and intersections into subgroup products.
As in [8], the basic field-theoretic notions needed for describing the main results
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of this paper are the same as those used, e.g. in [12, 14, 15] and [16]. As usual,
Esep denotes the separable closure of a field E in E , and E
∗n = {αn: α ∈ E∗} , for
each n ∈ N . The field E is called formally real, if −1 is not presentable over E
as a finite sum of squares; we say that E is nonreal, otherwise. In the former case,
E is said to be Pythagorean, if E∗2 is additively closed. Throughout this paper,
P denotes the set of prime numbers, Br (E)p is the p -component of the Brauer
group Br (E) , for each p ∈ P , Π(E) is the set of all pi ∈ P , for which the absolute
Galois group GE = G(Esep/E) is of nonzero cohomological pi -dimension cd pi(GE) ,
Πm(E) = {pim ∈ P: cdpi1(GE) = m} , for each m ∈ N , and P(E) stands for the set of
those p ∈ P , for which E is properly included in its maximal p -extension E(p) in
Esep . In what follows, the considered division algebras are supposed to be associative
with a unit, homomorphisms of profinite groups are assumed to be continuous,
and Galois groups are viewed as profinite with respect to the Krull topology. For
convenience of the reader, we recall that E is said to be PQL, if every cyclic extension
F of E is embeddable as an E -subalgebra in each finite-dimensional central division
E -algebra D of Schur index ind (D) equal to [F: E] . The field E is called quasilocal,
if its finite extensions are PQL. We say that E is a strictly PQL-field, if it is PQL and
Br (E)p 6= {0} , for every p ∈ P(E) . Let us note that PQL-fields and quasilocal fields
appear naturally in the process of characterizing basic types of stable fields with
Henselian valuations (see [4; 7] and the references there). Recall also that strictly
PQL-fields admit one-dimensional local class field theory (abbr, LCFT), and SQL-
fields are those whose finite extensions have such a theory (see Section 2 and [8,
Theorem 1.1 and Corollary 3.6]).
The motivation and the aims of this research are determined by the role of orderings
in field theory and by their place in the study of the PQL-property (see [9, Theorem
1.2 and Proposition 6.4], [7, Theorem 3.1 and Lemma 3.5] and [4, Sect. 3]). As in
the case of SQL-fields with Henselian discrete valuations [5], our main results yield
a generally nonabelian one-dimensional LCFT (for a presentation of the classical
LCFT, see [11]). However, they describe not only the groups in Nr (E) but also the
subgroups of E∗ of finite indices. The first one of them can be stated as follows:
Theorem 1.1. Let E be a formally real quasilocal field. Then:
(i) Each U ∈ Nr(E) equals N(U˜/E) , for some class field U˜ of E , which is uniquely
determined by U , up-to an E -isomorphism;
(ii) A class field cl (U) of E corresponding to a group U ∈ Nr(E) embeds as an E -
subalgebra in a field Ψ ∈ Fe(E) if and only if N(Ψ/E) ⊆ U ; if N(Ψ/E) = U , then
the E -isomorphic copy of cl (U) in Ψ is unique;
(iii) Nr (E) equals the set of subgroups of E∗ of finite indices not divisible by any
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pi ∈ Π1(E) , and class fields of E are precisely its finite extensions of degrees with
the same arithmetic property.
Before stating the second main result, note that if E is a formally real quasilocal
field, then GE is metabelian (see Section 3), so it possesses a unique conjugacy class
of (closed) Hall pro- Π -subgroups, for each subset Π ⊆ P .
Theorem 1.2. In the setting of Theorem 1.1, let Λ1 be the fixed field of some
Hall pro-Π1(E) -subgroup HΠ1(E) of GE , and let Λ0 be a real closure of E in Λ1 .
Assume also that Σ0 = {Θ0 ∈ Fe(E): Θ0 ⊆ Λ0} , and Σ1 = {Θ1 ∈ Fe(E): Θ1 ⊆ Λ1,
2|[Θ1: E]} . Then Λ0 is uniquely determined, up-to an E -isomorphism, Λ1/E is
normal and the following assertions are true:
(i) Σ0 ∪ Σ1 is a system of representatives of the class fields of E ; the correspondence
of Σ0 ∪ Σ1 into Nr (E) , defined by the rule Φ→ N(Φ/E) , is bijective and satisfies
the conditions N(L1L2/E) = N(L1/E) ∩N(L2/E) and N((L1 ∩ L2)/E) = N(L1/E).
N(L2/E) , whenever Lj ∈ Σ0 ∪ Σ1 , j = 1, 2 .
(ii) For each n ∈ N , E∗n = E∗n(E) and E∗n is of index n(E)n(E)1 in E∗ , where
n(E) and n(E)1 are the greatest integers, such that n(E)1|n(E)|n , 4 6 |n(E) ,
2 6 |n(E)1 , pi 6 |n(E) and pi1 6 |n(E)1 , for any pi 6∈ Π(E) and pi1 ∈ Π1(E) . More
precisely, the quotient group E∗/E∗n is isomorphic to the direct product of the cyclic
groups Cn(E) and Cn(E)1 .
(iii) Σ1 coincides with the set of finite Galois extensions of E in Λ1 , and
√−1 ∈ M ,
for every M ∈ Σ1 .
Let E be a formally real quasilocal field and D(E) the maximal divisible subgroup
of E∗ . Then D(E) = ∩∞m=1E∗m , and the group E∗/D(E) can be endowed with a
uniquely determined structure of a totally disconnected topological group so that
the subgroups of E∗/D(E) of finite indices form a system of neighbourhoods of
unity (cf. [16, Ch. 6, Theorem 9]). Also, Theorem 1.1 (iii) shows that the groups
U/D(E): U ∈ Nr(E) , are open in E∗/D(E) with respect to that topology. It proves
that the converse is true if and only if Π1(E) is empty (or equivalently, E is SQL,
see Remark 3.2 (ii)). For a similar result in the nonreal case, we refer the reader to
[9, (6.1)].
Theorems 1.1 and 1.2 are proved in Section 3, and Section 2 includes preliminaries
needed for the purpose. Our proof relies on the fact (see [7, Lemma 3.5] and [3,
(3.3)]) that a formally real field E is hereditarily Pythagorean (i.e. its formally real
extensions in E are Pythagorean) with a unique ordering if and only if all F ∈ Fe(E)
are 2 -quasilocal fields in the sense of [7].
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2. Preliminaries
Let E be a field and Ω(E) the set of finite abelian extensions of E in Esep . We
say that E admits (one-dimensional) LCFT, if the mapping of Ω(E) into Nr (E)
defined by the rule F→ N(F/E): F ∈ Ω(E) , is injective and satisfies the following
condition:
(2.1) For each M1,M2 ∈ Ω(E) , N(M1M2/E) = N(M1/E) ∩N(M2/E) and
N((M1 ∩M2)/E) = N(M1/E)N(M2/E) .
Our approach to the study of fields with LCFT is based on the following two lemmas
(proved, e.g. in [6]).
Lemma 2.1. Let E be a field and let L , L1 and L2 be elements of Fe (E) , such that
L = L1L2 and g.c.d. ([L1: E], [L2: E]) = 1 . Then N(L/E) = N(L1/E) ∩N(L2/E) ,
N(L1/E) = E
∗ ∩N(L/L2) , and there is a group isomorphism E∗/N(L/E) ∼=
E∗/N(L1/E)× E∗/N(L2/E) .
Lemma 2.2. Let E and M be fields such that M ∈ Ω(E) and M 6= E . Let also
P(M/E) = {p ∈ P: p|[M:E]} , and Mp = M ∩ E(p) , for each p ∈ P(M/E) . Then
N(M/E) = ∩p∈P(M/E)N(Mp/E) and E∗/N(M/E) is isomorphic to the direct product
of the groups E∗/N(Mp/E): p ∈ P(M/E) .
The following lemma is known (it is a special case of [17, Ch. II, Proposition 4]) but
we include its direct proof due to its brevity and simplicity.
Lemma 2.3. For a field E and a given p ∈ P , the following conditions are
equivalent:
(i) Br (E′)p = {0} , for every extension E′ of E in E ;
(ii) The exponent e1 of the group E
∗
1/N(E2/E1) is not divisible by p , for any pair
(E1,E2) of finite extensions of E in Esep , such that E1 ⊆ E2 .
Proof. (i)→ (ii): Let E′2 ⊆ Esep be the normal closure of E2 over E1 , e′1 the
exponent of E∗1/N(E
′
2/E1) , and E
′
1 the fixed field of a Sylow p -subgroup of
G(E′2/E1) . By [7, Lemma 4.2 (ii)], N(E′2/E′1) = E′∗1 , whence N(E′2/E1) = N(E′1/E1)
and e′1|[E′1: E1] . Since N(E′2/E1) ⊆ N(E2/E1) , E∗1/N(E2/E1) is a quotient of E∗1
/N(E′2/E1) , so we have e1|e′1|[E′1: E1] , proving that (i)→ (ii).
(ii)→ (i): Suppose that Br (F)p 6= {0} , for some F of E in E . Then there exists
F0 ∈ Fe(E) with F0 ⊆ F ∩ Esep and Br (F0)p 6= {0} (cf. [17, Ch. II, 2.2 and 2.3] and
[7, (1.3)]). Hence, by [13, Sect. 4, Theorem 2], there is a central division F0 -algebra
∆0 of index p . Moreover, by [15, Sect. 15.2], Esep has a subfield F1 ∈ Fe(F0) , such
that p 6 |[F1: F0] and ∆0 ⊗F0 F1 is a cyclic division F1 -algebra. This means that
there is a cyclic extension F2 of F1 of degree p , embeddable in ∆0 ⊗F0 F1 over
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F1 . Therefore, by [15, Sect. 15.1, Proposition b], N(F2/F1) 6= F∗1 , which completes
the proof of Lemma 2.3.
For convenience of the reader, we give a proof of the following lemma, which presents
results on hereditarily Pythagorean fields (most of them, due to Becker [2]), used for
proving Theorems 1.1 and 1.2.
Lemma 2.4. Let E be a hereditarily Pythagorean field and σ a generator of
G(E(√−1)/E) . Then:
(i) P(E) = {2} , Br (E) has exponent 2 , and for each integer m ≥ 3 , E(√−1)
contains a primitive m -th root of unity εm and σ(εm) = ε
−1
m ;
(ii) E(
√−1)∗ = E∗E(√−1)∗n , provided that n ∈ N and 2 6 |n ; moreover, the natural
embedding of E in E(
√−1) induces a group isomorphism E∗/E∗n ∼= E(√−1)∗/
E(
√−1)∗n ;
(iii) E∗/E∗p
k
is presentable as a direct product of m isomorphic copies of Cpk ,
whenever m, k ∈ N and p ∈ Πm(E) .
Proof. By Becker’s theorem (cf. [2] and [3, (3.3)]), GE is isomorphic to the topological
semidirect product GE(
√
−1) × {σ} , where GE(√−1) is abelian and στσ = τ−1 , for
every τ ∈ GE(√−1) . Hence, by Galois theory, G(EAb/E) is a group of exponent 2 ,
where EAb is the maximal abelian extension of E in E , and since
√−1 6∈ E , the as-
sertion that P(E) = {2} becomes obvious. Observe now that the field Q(εm + ε−1m )
is formally real and normal over Q , and [Q(εm):Q(εm + ε
−1
m )] = 2 , for each m ∈ N .
Note also that Q(εm) is nonreal whenever m ≥ 3 . In view of the Artin-Schreier the-
ory and the normality of Q(εm)/Q , this means that Q(εm) = Q(εm + ε
−1
m )(
√−βm) ,
for some βm ∈ Q(εm + ε−1m ) presentable as a sum of elements of Q(εm + ε−1m )∗2 (see
[12, Ch. XI, Proposition 2 and the example in Sect. 2]). It is therefore clear from
the Pythagorean property of E that βm ∈ E and E(
√−1) = E(εm) , m > 2 . As
G(EAb/E) has exponent 2 , this enables one to deduce from the Merkurjev-Suslin
theorem (cf. [14, (16.3) and (16.6)] and e.g. [7, Lemma 3.3]) that Br (E)2 has ex-
ponent 2 and Br (E)p = {0} , for every p ∈ P \ {2} . The obtained results prove
Lemma 2.4 (i). For the proof of the former assertion of Lemma 2.4 (ii), it suffices to
consider the special case where n ∈ P \ {2} . Since n 6∈ P(E) , i.e. E has no cyclic
extensions of degree n , it follows from Lemma 2.4 (i) and [1, Ch. IX, Theorem
15] that σ(λ)λ−1 ∈ E∗ ∩ E(√−1)∗n , for all λ ∈ E(√−1)∗ , which proves the former
part of Lemma 2.4 (ii). The latter assertion of Lemma 2.4 (ii) is implied by the
former one, so it remains for us to prove Lemma 2.4 (iii). It follows from Galois
theory, the commutativity of GE(√−1) and Lemma 2.4 (i) that the character group
of G(E(√−1)(p)/E(√−1)) is a nontrivial divisible abelian torsion group, for each
p ∈ Π(E) . In view of [10, Theorem 23.1] and Pontrjagin’s duality theory, this amounts
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to saying that G(E(√−1)(p)/E(√−1)) is presentable as a topological product of iso-
morphic copies of Zp . It is therefore clear from [4, (1.2)] and [17, Ch. I, Proposition
14] that p ∈ Πm(E) if and only if G(E(
√−1)(p)/E(√−1)) ∼= Zmp . As εpk ∈ E(
√−1)
when k ∈ N , this enables one to deduce Lemma 2.4 (iii) from Kummer theory and
Lemma 2.4 (ii).
Remark 2.5. In the setting of Lemma 2.4, with its proof, one obtains from [3,
(3.3)] that if E has a unique ordering, then cd2(GE(√−1)) = 0 and EAb = E(
√−1) ,
whence Br (L)2 = {0} , for every L ∈ Fe(E(
√−1)) .
3. Proofs of the main results
Let us note that, by [4, Proposition 3.1], a formally real field E is quasilocal if and
only if it is hereditarily Pythagorean with a unique ordering, and cd p(GE) ≤ 2 ,
p ∈ P(E(√−1)) . This occurs if and only if 2 6∈ Π(E(√−1)) and GE is isomor-
phic to the topological semidirect product GE(√−1) × 〈σ〉 , where GE(√−1) is iso-
morphic to the topological group product
∏
p∈P(E(
√
−1)) Z
c(p)
p , c(p) = cdp(GE) ,
p ∈ P(E(√−1)) , σ2 = 1 , and στσ−1 = τ−1: τ ∈ GE(√−1) (cf. [2, Theorem 1], [3,
(3.3)] or [4, (1.2) and Proposition 3.1]). The following result proves the existence
part of Theorem 1.1 (i), and contains an analogue to the local reciprocity law.
Proposition 3.1. Let E be a hereditarily Pythagorean field with a unique ordering,
and let R and R1 be elements of Fe (E) , such that R 6= E and R1 = R(
√−1) .
Assume that R0 is a maximal subfield of R with respect to the property that
2 6 |[R0: E] , and put E1 = E(
√−1) . Then:
(i) R equals R0 or R1 , and the latter occurs if and only if R/E is normal;
(ii) R/E possesses an intermediate field R′ satisfying the following:
( α ) N(R′/E) = N(R/E) and the prime divisors of [R′: E] and [R:R′] lie in
Π2(E) ∪ {2} and Π1(E) , respectively;
( β ) If E is quasilocal, then E∗/N(R/E) ∼= G(R′(√−1)/E1)×Cδ , where δ = [R:R0] ;
in particular, R′ is a class field of E associated with N(R/E) .
Proof. Let M ∈ Fe(E) be a normal extension of E including R1 . It follows from the
structure of GE that 2|[M:E] , 4 6 |[M:E] and G(M/E) has a subgroup H of order
o(H) = [M:E]/2 . It is also clear that ϕhϕ−1 = h−1: h ∈ H , for every ϕ ∈ G(M/E)
of order 2 . Observing that H is abelian and normal in G(M/E) , one obtains that
subgroups of G(M/E) of odd orders are included in H and are normal in G(M/E) ,
whereas every H2 ≤ G(M/E) of even order equals its normalizer in G(M/E) . Our
argument also indicates that if H0 ≤ G(M/E) and n ∈ N divides [M:E] and is
divisible by o(H0) , then there exists H1 ≤ G(M/E) , such that o(H1) = n and
H0 ⊆ H1 . These results enable one to deduce Proposition 3.1 (i) from Galois theory,
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and to prove that E has an extension R′ in R with [R′: E] and [R:R′] satisfying
condition ( α ) of Proposition 3.1 (ii). Hence, by Lemma 2.3, N(R/R′) = R′∗ , which
yields N(R/E) = N(R′/E) as well. It remains for us to prove Proposition 3.1 (ii)
( β ), so we assume further that E is quasilocal. Clearly, R′ , R′ ∩ R0 = R′0 and
R′1 = R
′
0(
√−1) are related in the same way as R , R0 and R1 . Taking also
into account that Br (E1)p is isomorphic to the quasicyclic p -group Z(p
∞) , for
each p ∈ P dividing [R′0: E] (cf. [7, Theorem 3.1], [4, (1.2)], and [14, (11.5)]),
one obtains from [8, Theorem 3.1] that E1 admits local p -class field theory (i.e.
subfields of E(p) lying in Ω(E) are related as in (2.1)), for each p ∈ P dividing
[R′0: E] . These results, combined with [8, Theorem 3.1] and Lemma 2.2 indicate that
E∗1/N(R
′
1/E1)
∼= G(R′1/E1) . Note also that Lemmas 2.1, 2.3 and 2.4 (ii) lead to the
following conclusion:
(3.1) N(R0/E) = E
∗ ∩N(R1/E1) , N(R1/E1) = N(R0/E0)E∗ρ1 , where ρ = [R0: E] ,
and the embedding of R′0 into R
′
1 induces a group isomorphism E
∗/N(R0/E) ∼=
E∗1/N(R1/E1) . Also, the set I1 of subgroups of E
∗
1 including N(R1/E1) consists of
the norm groups of the extensions of E1 in R
′
1 , and the mapping of I1 into the set I0
of subgroups of E∗ including N(R0/E) , defined by the rule H1 → H1 ∩ E: H1 ∈ I1 ,
is bijective. In particular, I0 coincides with the set of norm groups of extensions of
E in R′0 .
Observing finally that E∗/N(R1/E) ∼= E∗/N(R0/E)× E∗/N(E1/E) , one completes
the proof of Proposition 3.1 (ii).
Proofs of Theorems 1.1 and 1.2. Assume that E , E1 , Π1(E) and Π2(E) satisfy the
conditions of Proposition 3.1, fix a field Ψ ∈ Fe(E) and a group U ∈ Nr(E) , take
class fields R and T of E associated with U , and as in Proposition 3.1, attach
fields R0 , R1 , T0 , T1 and Ψ0 , Ψ1 to R , T and Ψ , respectively. Applying
Lemma 2.1 and the former two assertions of (3.1), one obtains consecutively that
N(R0/E) = N(T0/E) , N(R1/E1) = N(T1/E1) and N(R1/E) = N(T1/E) . Hence,
by Proposition 3.1 (ii) ( α ) and [8, Theorem 3.1], we have R1 = T1 . Using
Lemma 2.1 and [8, Theorem 3.1], one also sees that N(Ψ/E) ⊆ U if and only if
N(Ψ1/E1) ⊆ N(R1/E1) , which holds if and only if R1 ⊆ Ψ1 . Furthermore, R0 and
T0 are the fixed fields of some Sylow 2 -subgroups of G(R1/E) , and therefore, are
E -isomorphic. As R0 is a maximal subfield of R1 , it becomes clear that R0T0 = R1 ,
unless R0 = T0 . It is now easily deduced from Galois theory and Sylow’s theorems
that R1 ⊆ Ψ1 if and only if R0 embeds in Ψ0 over E . These observations, combined
with Proposition 3.1, prove Theorem 1.1 (i) and (ii).
We turn to the proof of Theorem 1.2 (ii). When 2 6 |n , the equality E∗n = E∗n(E)
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is obvious. Since, by [7, Lemma 3.5], E(2) = E(
√−1) , and by Kummer the-
ory, this yields E∗ = E∗2 ∪ (−1)E∗2 , one also sees that E∗2kn = E∗2n(E) and
E∗/E∗2
kn ∼= [E∗/E∗n(E)]× C2 , for every k ∈ N . At the same time, it follows from
Lemma 2.4 (iii) and the inequalities cd p(GE) ≤ 2 , p ∈ P \ {2} , that E∗/E∗n(E) ∼=
Cn(E) × Cn1(E) . Summing up the obtained results, one proves Theorem 1.2 (ii) in
general.
Our next objective is to prove Theorems 1.1 (iii). Assume that n = n1(E) , i.e.
E∗/E∗n ∼= Cn × Cn , fix elements b1 and b2 of E∗ so that 〈bjE∗n : j = 1, 2〉 =
E∗/E∗n , and denote by Φ1 the extension of E1 in E obtained by adjoining
the n -th roots of b1 and b2 . Then Φ1/E1 is clearly a Kummer extension with
G(Φ1/E1) ∼= Cn × Cn ∼= E∗1/E∗n1 . Since Π(E) \ {2} = Π1(E) ∪Π2(E) , this implies in
conjunction with [8, Theorem 3.1], Proposition 3.1 and Lemmas 2.2 and 2.4 that
N(Φ1/E1) = E
∗n
1 , N(Φ1/E) = E
∗2n and N(Φ0/E) = E∗n , where Φ0 is a real closure
of E in Φ1 . As E
∗n is included in every subgroup of E∗ of index n , the obtained
result enables one to deduce Theorem 1.1 (iii) from Proposition 3.1 and statement
(3.1).
We are now in a position to complete the proof of Theorem 1.2. The normality
of Λ2/E follows at once from Proposition 3.1 and Galois theory, the conclusion of
Theorem 1.2 (iii) is contained in Proposition 3.1, and the uniqueness of Λ0 (up-to
an E -isomorphism) follows from the prosolvability of GE and the fact that Λ0 is
the fixed field of a Hall pro- (Π1(E) ∪ {2}) -subgroup of GE . What remains to be
seen is the validity of Theorem 1.2 (i). Let L ⊆ E be a class field of E , such that
2 6 |[L: E] . In view of the prosolvability of GE , Theorem 1.1 (iii) and Galois theory,
then GL includes some Hall pro- (Π1(E) ∪ {2}) -subgroup of GE , which ensures that
L embeds in Λ0 over E . Returning to the proof of Theorem 1.1 (i) and (ii), one
immediately obtains that the E -isomorphic copy of L in Λ0 is unique. It is therefore
easy to deduce that Σ0 ∪ Σ1 is a system of representatives of the class fields of E ,
and that the canonical mapping of Σ0 ∪ Σ1 into Nr (E) has the properties required
by Theorem 1.2 (i). Thus Theorems 1.1 and 1.2 are proved.
Remark 3.2. Fix E , Π1(E) and Π2(E) as in Proposition 3.1, and suppose that E
is quasilocal.
(i) Arguing as in the proof of Theorem 1.2 (ii), one obtains that if H is a subgroup
of E∗ of index n ∈ N , and E∗/H is of exponent e , then n|e2 , n/e is not divisible
by any p ∈ Π1(E) ∪ {2} , and E∗/H ∼= Ce × Cn/e .
(ii) The proof of Proposition 3.1 shows that if R is a nonreal finite extension of E ,
then Br (R) is isomorphic to the direct sum ⊕p∈Π2(E)Z(p∞) . Hence, by Lemma 2.4
(i), E is SQL if and only if Π1(E) = φ .
(iii) It follows from Proposition 3.1 and Remark 2.5 that if R ∈ Fe(E) , then
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R ∩ EAb ⊆ cl(R/E) . It is also clear that cl (R/E) = R ∩ EAb if and only if [R: E]
is not divisible by any p ∈ Π2(E) . This holds if and only if R embeds over E into
the fixed field of some Hall pro- Π2(E) -subgroup of GE .
Note finally that if P1 ⊂ P ⊆ P and 2 ∈ P \ P1 , then there exists a formally
real quasilocal field F with Π(F) = P and Π1(F) = P1 . Also, it follows from [4,
Proposition 3.1] that GF does not depend on the choice of F but is uniquely
determined by (P,P1) , up-to an isomorphism.
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